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NOMENCLATURE 

width, 2d 
integrated intensity of radiation 
index of refraction 
conduction-to-radiation parameter, 
a,,JJn%T~ 
radiative heat flux 
Rayleigh number based on D, gs ATD3/av 
temperature 
mean temperature 
z-component of the velocity. 

Greek symbols 
a, mean extinction coefficient 

1 ai7 
Y vertical temperature gradient, 5 z 

AT temperature difference between the side walls 
Ei emissivity of wall i, i = 1,2 at x = - 1, + 1 

1 
non-grayness factor 
thermal conductivity 

li Ai = Ei/2(2 - Ei) 
(r complex wave frequency, er + icri 
0 adimensionless temperature, T/AT 
ro optical thickness, a,D. 

Superscript 
base flow quantity. 

INTRODUCTION 

THE EFFECT of radiation on the onset of convection in fluid 
layers has received considerable attention in the past. 
However, most of the published studies deal with the BCnard 
problem and,except in a recent paper [ 11, it was systematically 
assumed that the instabilities set in as a stationary mode 
although the principle of exchange of stabilities has not been 
shown to hold for this kind of problem. As a consequence of 
this assumption, the general solution of the linearized stability 
equations was decomposed into harmonic components with a 
zero wave speed. Arpaci and Bayazitoglu [2] followed later by 
Hassab and Gzisik [3] have explained that the change over 
from the conduction regime to the transition regime is 
expected to occur through a stationary marginal state because 
the majority of fluid flow problems with pronounced effects of 
radiation are associated with gaseous media. This result has 
been proved in many studies for theclassical problem ofa non- 
radiative fluid and, in particular, Bergholz [4] has shown 
clearly that the onset of travelling wave instabilities cannot 
exist in the conduction regime for low Prandtl numbers (Pr 
< 12.7). Results published recently [l] have confirmed that 
this assumption is still valid for symmetric radiative boundary 

conditions (two black, two mirror or two identical gray 
surfaces) and if the non-linear term contained in the radiation 
equation for the base flow is linearized. In these cases, in fact, 
the odd symmetry of the base flow solution is retained. On the 
other hand, for cases with asymmetric boundary conditions 
[3,5], this property is destroyed and there is no proof that the 
principle of exchange of stabilities holds. Such situations are 
encountered in various problems, for example in the presence 
of a density extremum or for flows between vertical concentric 
cylinders where the odd symmetry of the velocity profile no 
longer exists. It appears then that the flow undergoes a 
transition to multicellular unsteady patterns [6,7]. 

In the present work the emphasis is on the influence of 
asymmetric boundary conditions and non-linear terms in the 
radiation equation on the stability of the conduction, 
transition and boundary-layer regimes. A vertical layer of a 
radiating fluid contained between two parallel plates 
maintained at uniform but different temperatures is studied. 

ANALYSIS 

In the model considered, the axes x and .r are chosen to be 
normal and along the sides of a vertical narrow gap of width 2d 
and the origin is in the middle plane. The fluid has a kinematic 
viscosity v, a thermal diffusivity a, a coefficient of thermal 
expansion /I and the Boussinesq approximation is invoked. 
The radiation part is solved using the P-l approximation 
modified to allow for the non-grayness effects [3]. 

The governing equations are made dimensionless by scaling 
length, velocity and temperature with d, g/IATd’/v and AT 
while the radiative flux qc and the integrated intensity of 
radiation G are non-dimensionalized by n’dT:AZ Neglecting 
the radiative contributions to momentum and making the 
classical assumptions of one-dimensional base flow [4,8], the 
equations governing the initial steady motion are given by 

(1) 

d2q, 35; _ 2r,q di? 

dx2 4q’-$d=o m x 

(2) 

where the parameter m defined as in [4] characterizes the 
vertical temperature stratification. 

The boundary conditions at x = f 1 are 

w=o (4) 

B = 8,+0.5 (5) 

The constant appearing in equation (1) is determined by a 
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mass flux integral given by 

s 

+1 
w(x) dx = 0. 

-I 
(7) 

The radiative parameters are the conduction-to-radiation 
parameter N, the optical thickness T,, of the layer, the 
emissivities si of the side walls (or Ii) and the non-grayness 
factor n. 

On account of the algebraic involvement with the solution 
of the initial problem, the system of equations (1x7) was 
solved numerically using the spectral tau method with 
Chebyshev polynomials as expansion functions [9]. 

Following the standard procedure, the various flow and 
transport variables are written as a sum of base flow and 
disturbance quantities. By introducing the total quantities 
into the system of initial state cast in the stream function 
vorticity formulation ($-Q), then subtracting the base flow 
equations from the resulting equations and finally neglecting 
the non-linear terms, a set of governing linear stability 
equations is obtained. One may postulate that the solutions of 
this system have the general form 

f’(x, Z, t) = f(x) exp (ictz + ot) (8) 

where a is the wave number in the vertical direction and 0 the 
complex wave frequency. The wave speed is then defined as 

c = -(Ti/a. (9) 

Plugging equation (8) into the stability equations, the 
formulation of the stability problem may be given as 

0 = (@-a’)f$-R (10) 

u Gr R = {8@-a’)-ia Gr *}Q 

+8%?+ic( Gr &@W (11) 

d Ra f3 ={8(g2-a2)-i~ Ra +}0+ia Ra &S~ 

84 
+ JN(@-a2)G-2m4&@ (12) 

0 = 1P’-a2-~T@G+12T~~B 
m 

(13) 

where 9 = dJdx. 
The boundary conditions at x = k 1 are 

+=%#I=0 

o=o 

34T, 
9G& -G = 0. 

29 

It should be noted here that the one-dimensional radiation 
equation for the base flow is written in terms of the radiative 
heat flux because the boundary conditions for qr are 
homogeneous and so the convergence of the numerical 
procedure is faster than with a formulation involving G. 

On the other hand, since a two-dimensional system of 
disturbance is considered, 4, is a vector and it is easier to write 
the radiation equations for disturbances in terms of the scalar 
quantity G [3]. 

The solutions of equations (lOH16) constitute an 
eigenvalue problem which can be solved by the spectral tau 
method [ 11. 

RESULTS AND DISCUSSION 

We begin by discussing the behavior ofthe solutions for base 
flows with symmetric radiative boundary conditions in order 
to isolate the effect of linearizing the radiation equation. 

For linear approximation, the complete eigenvalue 
problem was solved and it has been found that the most 
unstable mode has or = 0 in the conduction regime [l]. Table 
1 shows a comparison between critical Grashofnumbers, wave 
numbers and wave speeds obtained for a stratification 
parameter ranging from the conduction regime to the 
boundary-layer regime. It can be seen that the instability sets 
in stationary convection (or/au, < lo-“) for m < 5 and 
travelling-wave type in the boundary-layer regime (aJctu, 
> 100) when the linear approximation is inserted. 

On the other hand, when the odd symmetry ofthe base flow 
is destroyed, non-zero wave speeds are found, though c is then 
ofmuch less magnitude than the largest vertical velocity of the 
base flow, KJ,,,, which depends only slightly on how the 
radiation terms are formulated. These calculations were made 
in double precision with numbers of terms of the series of 
Chebyshev polynomial ranging from I8 to 24according to the 
value of m and the critical Grashof numbers are believed to be 
accurate to less than 1%. Small differences between the c(, and 
Gr, can be also seen in the conduction regime but large 
discrepancies between the Gr, corresponding to the transition 
from shear-driven instabilities to buoyancy-driven in- 
stabilities. For the highest values of the stratification, the small 
differences once more obtained are due to a lower relative 
contribution of the radiative transfer in comparison with the 
convective mode. It should be also noted that the wave speed 
becomes negative for the non-linear formulation. Thus the 
instabilities set in as a single wave which travels downward 
near the cold wall. 

Numerical simulations of the flow were carried out for 
identical values of the radiative parameters shown in Table 1 in 
order to assess the results of the stability theory. A 
conventional finite-difference scheme was used with a 3 1 x I51 
grid for a cavity of aspect ratio A = 15 at Gr = 15 000. This 
Grashof number is just beyond the critical value of 14482 
predicted for an infinitely tall cavity. The time step was 2 
x toe4 and starting the computations from a unicellular flow 

at Gr = 11 000 a steady multicellular flow with four cells 
slightly tilted toward the cold wall was obtained after 1000 
iterations (within four significant digits) for a linearized 
radiative term. From the size ofthe two central cells (Fig. l), we 
obtain G(, = 2.41 which is very close to the critical wave 
number predicted by the theory at the onset of instability 
(Table I). 

Table 1. Comparison of the critical values N = 0.5, q = 1.0, r,, = 1.0, E, = a2 = 1.0, Pr = 0.72. 

m 1.0 3.0 4.5 5.0 6.25 7.0 9.0 12.0 

w,,, x 103 6.28 5.63 4.03 3.44 2.27 1.80 1.08 0.59 

Gr, 11328 14482 53205 279062 411 101 242 395 349 772 793 651 
Linear a, 2.55 2.42 1.48 1.28 1.50 3.01 4.2 1 5.56 

cx IO3 0.0 0.0 0.0 0.0 ) 1.08 + 1.00 kO.658 + 0.376 

Gr, 11414 14 582 51761 234113 253627 216503 332614 162869 
Non-linear a, 2.55 2.41 1.53 1.28 2.05 3.07 4.24 5.60 

cx 103 -0.137 -0.141 -0.213 -0.358 -1.10 - 1.01 - 0.668 -0.380 
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Computations were then performed without using the 
linear approximation and, on account of the value of c 
reported in Table 1, a wave motion with low frequency was 
expected. The results are shown in Fig. 2 where streamlines are 
plotted for a full period covered within 720 time steps. The cells 
are formed at the top of the cavity and they drift downward 
withaspeed oft = 1.51 x 10m4 anda wavenumbercalculated 
from the central cell to be 2.32. These values differ only 6.7% 
and 3.8% from the critical values. 

Next the effects of a dissymmetry of the radiative properties 
of the isothermal walls are investigated. In a slot with a black 
cold wall, a decrease of theemissivity of the hot wall produces a 
decrease of the temperatures in the core while increases of the 
temperature gradients and of the vertical velocities occur near 
the hot wall. Indeed conduction and convection compensate 
for the weakening of radiation at the reflecting wall [lo]. 
Reversed effects are shown by decreasing the emissivity of the 
cold wall with a black hot wall. Consequently, the odd 
symmetry of the temperature distribution is destroyed. 

Results of the stability analysis with a linearized radiation 
term are reported in Table 2. For the set of parameters 
considered, the critical Grashof numbers are within a few 
percent the values given by Hassab and C)zisik [3]. As shown, 
the decrease of the emissivities stabiliqs the flow with a 
stronger effect as the interaction parameter is reduced. A zero 
wave speed is obtained for identical emissivities while small 
wave speeds are calculated as soon as the radiative boundary 
conditions differ. The wave speeds are negative for an 
emissivity of the cold wall lower than the emissivity of the hot 
wall whereas the opposite is true in the reversed case. 
Therefore, in a vertical layer of radiating fluid, the mechanism 
for theonset ofinstabihtyin theconductionregimedependson 
the specific values of the emissivities: the instability sets in as a 
stationary multicellular mode for si = al while a travelling 
mode with a single wave is found for si # s2. The wave moves 
upwardwhen theemissivitys, ofthecoldwallisgreaterthana, 
and downward in the case Ed < Q. These results can be related 
to those obtained recently [7, 8, 111 showing the effect of 
curvature on the stability of the conduction regime in a tall 
vertical annulus : the wave moves in the direction of the higher 
base Row velocity for fluids having low Prandtl numbers. 

The problem becomes more complicated when the radiative 
term is not linearized because the highest velocities do not 
occur systematically near the reflecting wall. For example, 
when considering again the previous set of radiative 
parameters, the maximum base flow velocities are always 

FIG. 1. Steady streamlines and isothermal patterns (A = 15, located near the cold wall if it is the more reflective wall. It was 
Gr = 15 000, Pr = 0.72, E, = cZ = 1, r,, = 1, N = 0.5). found then that the wave moves downward as shown in Table 

Table 2. Critical Grashof number, wave number and wave speed in the conduction regime 

N=4 N = 0.4 

El 82 ?/ = 0.4 n=l ?7=4 n = 0.4 tl=l TJ=4 

Gr, 
a 

Gr, 
a 

cx lo4 

Gr, 
a 

cx lo4 

Gr, 
a 

1 1 
8 292 8952 12630 8 959 10765 19 224 
2.78 2.73 2.54 2.66 2.60 2.59 

8 590 
0 1 2.77 

- 0.632 

8 585 
1 0 2.77 

+0.621 

0 0 
8 863 10014 15001 15009 21430 37 171 
2.75 2.68 2.46 2.46 2.35 2.42 

9500 13 820 12051 
2.70 2.50 2.56 

- 0.899 -0.818 -2.19 

9 498 
2.70 

+0.901 

13828 12074 
2.50 2.56 

+0.819 + 2.21 

16049 28 269 
2.46 2.50 

- 1.53 - 0.299 

16 130 
2.46 

+ 1.55 

28 277 
2.50 

+0.315 

rn = 0, r,, = 2.0, Pr = 0.72. 
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FIG. 2. Streamlines patterns of the unsteady multicellular motion over one period (same parameters as in 
Fig. I). 

Table 3. Influences of the wall emissivities on the critical values 

62 c x 103 w,,, x loa a1 a2 Gr, a, c x 103 w,,, x lo3 

1 1 10932 2.59 -0.106 - 5.90 1 0.75 11539 2.57 - 0.078 -5.65 
0.75 1 11799 2.56 -0.128 - 5.57 1 0.5 12367 2.55 -0.042 -5.35 
0.5 1 12950 2.54 -0.151 -5.21 1 0.25 13 574 2.52 -0.005 -4.98 
0.25 1 14 561 2.50 -0.181 -4.79 1 0 15522 2.47 + 0.070 + 4.54 
0 1 17066 2.43 -0.219 -4.32 0.75 0 16418 2.45 +0.045 +4.37 
0 0.75 17600 2.42 -0.199 -4.22 0.5 0 17610 2.43 + 0.015 -4.17 
0 0.5 18422 2.41 -0.169 -4.09 0.25 0 19 160 2.39 - 0.022 - 3.94 
0 0.25 19 634 2.38 -0.130 - 3.92 
0 0 21613 2.32 - 0.072 - 3.68 

N = 0.4, r,, = 2, ‘I = 1, m = 1, Pr = 0.72. 
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3(a) for selected couples of emissivities. If we consider now the 
reversal [Table 3(b)], the maximum velocities can be obtained 
either near the cold wall or near the hot wall according to the 
values of the difference (Q -E&. The dominant wave then 
moves upward or downward. Therefore, the behavior of the 
flow uis-&is the disturbances cannot be predicted unlike 
when using the linear approximation. 

flows obtained by numerical integration of the equation 
governing the motion in a slender cavity are found to be in 
agreement with the predictions of the stability theory. 
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C 
C” 
9 
k 
L 

m, 

>a* 
Ra! 

NOMENCLATURE 

constant 
specific heat 
gravitational acceleration 
thermal conductivity 
arbitrary length 
salt mass fraction 
applied bottom heat flux 
solutal Rayleigh number, g&(dmJdz)J?/av 
modified thermal Rayleigh number, 
&q$/kav 

T temperature 
t time 
X ratio of modified thermal Rayleigh number to 

solutal Rayleigh number 
Y dimensionless parameter, (dmJdz)i(Xat)‘i2/m,,0 
Z vertical space coordinate positive upward. 

Greek symbols 
thermal ditfusivity, k/(pc,) 
solutal expansion coefficient, p- ’ Q/am,\, 
thermal expansion coefficient, p-’ ap/aTI, 


